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Abstract. in this s h m  paper an algebraic expression for (A 0) x (3 0)  reduction Wiper 
coefficients in the SU(3)  3 R(3)  physical basis is obtained using a building-up process. The 
SU(3)  U-functions me also given. 

Since the early work on SU(3)  in the shell model [l,  21, the SU(3)  group has been widely 
used in nuclear and particle physics [2-91. Many authors studied the SU(3) group in the 
Gelfand basis [10-12]. With the development of the interacting boson model for collective 
motion in even-even nuclei in nuclear physics [13], SU(3)  has been widely used in the 
description of rotational motion in deformed nuclei. 

In order to obtain the wavefunction, one needs to know the Wigner coefficients in the 
SU(3)  3 R(3) basis. Extensive tables of algebraic expressions have been given by Vergados 
[14]. These tables are sufficient for the sd-shell model calculations and for the interacting 
boson model calculations involving only the s and d bosons. A computer program is also 
available to calculate these coefficients numerically [15, 161. With the advent of vector 
coherent states (vcs) methods [17], the S U ( 3 )  3 R(3)  Wigner coefficients are constructed 
in vcs for (Ap) x (2  0). with A and p arbitrary [18]. 

In the new development of the interacting boson model, the pf bosons are introduced in 
order to describe the negative parity collective states as well [19]. One of the advantages 
of these algebraic models is the analytic formula for many quantities, e.g. the electric 
and magnetic transition rates. In order to gain an algebraic expression for the electric 
and magnetic transition rates, one needs to know the algebraic expression for (A 0) x (3 0) 
Wigner coefficients. For instance, the lowest negative par&y collective band in the rotational 
limit involves the (A + 3 0) representation. It is the purpose of this short paper to generalize 
the work of Vergados for these cases. 

The building-up method of Vergados [14] has been applied. Specifically, equation (14) 
of 1141 is used in calculating the Wigner coefficients: 

( ( 1 i I L i ) K i h ;  ( ~ W . . ~ K Z J L Z I ) ( A P ) K L )  
~ U ( ( ~ I ~ L I ) ( ~ Z / ~ Z ) ( A ~ L ) ( A ~ ~ L ~ ) ;  ( A i ? l l i d ( h / . h ) )  

= ( ( A I ! & ) K I L I ;  ( ~ z ~ z ) K z ~ z ~ ~ ( ~ ~ z ~ ~ z ) K ~ z ~ i ~ )  
L,24 
X ( ( h z W d K z L z ;  @ 3 P 3 ) K 3 L 3  11 ( A z a p z 3 K z s ~ u )  

X((AIZPIZ)KIZLIZ; ( ~ ~ L L ~ ) K ~ L ~ I I ( ~ ~ * ) K L ) ~ ( L ~ L z L L ~ ;  L I Z L Z 3 )  . (1) 
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Table 1. The SU(3)  U-function U((ArO)(Z O)(A M I  0); (A12 P12)(3 0)). A - sign means the 
value does not exist. 

Table2. ((A0)Ll; (30)/11(1+30)L). 

Here we have dropped the floating index from the original equation in [14] because in 
our case it is multiplicity-free. We have chosen (AI&,) = (A O), ( A z p ~ )  = (2 0) and 
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(A3p&= (1 0). (A23 pa) = (3 0). ( A ~ z p ~ z )  maybe different for different (Ap)’s. It is 
as follows: (i) for (Ap) = (AI + 3 0), (A12p12) = @I + 2 0); (ii) for (hp)  = (AI +.1 l), 
(A12pl2) = (AI + 2  0) or (AI 1); (iii) for (ALL) = (AI - 1 21, ( A I Z P I ~ )  = (AI 1) or (AI -2  2);  
(iv) for (Ap) = (AI - 3 3). (hlzp12) = (AI - 2 2).  

A minor difference from [14] in using the building-up equation (1) is that it is 
used to obtain the SU(3)  3 R(3) Wigner coefficients and the S U ( 3 )  U-function 
simultaneously. This is done in two steps. First, for a given (hp) representation, al l  
the unnormalized Wigner coefficients defined as ( ( A I ~ I ) K I L I ;  ( A ~ ~ ) ~ ~ L ~ l l ( h g p 3 ) ~ 3 p p )  
x U ( ( A l p l ) ( A ~ p ~ ) ( A ~ ) ( h ~ p 3 ) ;  ( h l Z p I ~ ) ( h U p a ) )  are calculated for all possible K I L ~  and 
KZLZ.  Secondly, using the normalization property of the Wigner coefficients, 

( ( A I ~ ~ I ~ L I ;  (.\.z~z)KzL.z)II(~~)KL)* = 1 (2)  
M A K 2 k  

the sum of all the unnormalized Wigner coefficients squared for a given (Ap)  should give 
the square of the SU(3) U-function. This also provides a rigorous check on the Wigner 
coefficients. With the choice of phase convention in the Vergados basis, the SU(3) U- 
function is a real number, and its sign can be determined. The SU(3) U-function obtained 
in the present calculation is given in table 1. 

The Wigner coefficients for (Ap) = (Al +3 0) are given in table 2, for (hp)  = (Al f l  1) 
in table 3, for (hp)  = (AI - 1 2) in table 4 and for (Ap) = (AI - 3 3) in table 5. 

Table 4. ((A 0)Ll :  ( 3  O)Ill(h - 1 2 ) ~ L ) .  (~(1, L )  = 2(A + 112 - L(L  + I).) 
LI K = O  u = 2  

3(h+Ll(A+L+2)(A-L+3)(L-I)(L-2)L .~ 

XQ-  L)  
3 ~ ~ + L l ~ A - L + 3 l ~ ~ - L + l ~ ~ L - 2 ) ~ L + l l ( ~ ~ 2 l  - 

(A--Ll(A+ l)(i+21(2L-3)12L- 1)(2L+Ilrp(A.L) 
~I-11~2L-3~12L-11~2L+1~v~A.L~ L - 3  

3lA-L-1 (~+L+4)(~-L+Il lL+3llL+2)~L+I)  - 3(A-L- IllA+L+4~lA+L+2~(L+3~L(L-l~ 
(1- I)LZL+3)(2L+51(2L+ I l ~ l l . L l  x(1 + L + I) 

A - L = even 
1 = 1  L 

1 = 3  L - 2  - 2(A-L+2~~A+L+lIlL+2~(L-21 
(h-Il(~+IJ(2L-I)(2L+LI 

L + 2 2(A-LllA+L+3)(L-ll(L+3) 
~A-ll~A+ll~2L+lll2L+3l 

L 5(i-  I)(A+l)(2L-I)(2L 3 + 3 @ + 9 - 2 L ( L +  1)) 
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Table 5. ((A 0)Lt :  ( 3  O)Ill(A - 3 3)KL). ( x ( A ,  L )  = 4 0  + 1)’ - ( L  - 1)(L +2): W(A, L )  = 
4A(1 + 2 )  - 3(L - 1)(L + 2).) 

A -  L = add 

I = ]  L - I  -J- 

~ + l  -JB 
O 

0 

(I-L+Il(L-Ll - IS[A-L+ l)(A+Ll(A-L- Il(L-2I(L+2l(L+31 1 = 3  L - 1  5(h-l)h(A+1)(2L-3lI1L+3~~2L+I)W(*-IL~ - [ I -  1)(2L-3)(2L+L1~2L+31W(A-2.L) 

x ( A ( A - 2 ) ( L + 6 ) + 3 ( L + 2 ) ( L 2 - 6 ) )  

(A+L+Z)(L+ZI 
IS(*-L- Il(A+L+21(1+L)(L-2)(L-l)~L+3) 

~*-11~2L+11~2L-11~2L+51W~A-2,L1 

- 
SV.-l)hlA+Ll[2L- Il(lL+I)(2L+JlW~A-2.L) - 

x(A(1 - 2 ) ( L  - 5 )  + 3 ( L -  1)(L2 f 2 L  - 5 ) )  
L + 1  

- 
x (A2-2A-  6 + L ( L  + I ) )  

IO(A-Ll(I+L+l)(L+I)(L-2~ 
(2L- 11(2L+31X(I-Z.L1 

We have observed’the following property for the Wigner coefficients: ((AI 0)L - 
q;  (3 O)ll l (Ap)~L) and ((AI 0)L + q ;  (3 0)llI(Ap)~L) can be obtained from one another by 
the substitution L + - (L+l)  apart from an overall sign. A similar property is observed in 
the R(5) 3 R(3)  Wigner coefficient [20]. Another property is observed for the SU(3)  U -  
function. The U-function depends on the SU(3)  representations, only, and does not depend 
on the R(3) irreducible representation. Therefore the U-function can be obtained from the 
mathematical basis SU(3)  3 SU(2) .  There is one property for the S U ( N )  group in the 
Gelfand basis that its representation does not depend on the specific N [ I l ,  211. That is 

N and N‘ as long as all the irreducible representations are :allowed. Here r# is the 
irreducible representation of S U ( N )  and rN-1  is the irreducible representation of S U ( N - I ) .  
In our case, the SU(3)  irreducible representations are also allowed in the SU(2)  group. We 
can treat the SU(3) representations as O(3) = SU(2)  representations. They are related by 
(hp)  + L = A12. Therefore the SU(3)  U-function can be written explicitly in terms of 

{ r i d - I N - 1 ;  rZNrZN- I  l l r 3 N r 3 N - I )  = o - l N ~ ~ l N ~ - l ;  rZN’rZN‘-IIIr3N,r3N’-l), for arbitrary 
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the ordinary 6-j symbol, or Racah coefficient, in the following: 

(3) 
It is easily checked that the U-function in table 1 satisfies (3). 
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